Abstract. We develop Coulomb gas pictures of strong and weak coupling regimes of supersymmetric Yang-Mills theory in five and four dimensions. By relating them to the matrix models that arise in Chern-Simons theory, we compute their free energies in the large N limit and establish relationships between the respective gauge theories. We use these correspondences to rederive the N 3 behaviour of the perturbative free energy of supersymmetric gauge theory on certain toric Sasaki-Einstein five-manifolds, and the one-loop thermal free energy of N = 4 supersymmetric Yang-Mills theory on a spatial three-sphere.
Introduction and summary
Recent interest in six-dimensional (2, 0) superconformal theories [1] has been rekindled by the suggestion that maximally supersymmetric Yang-Mills theory in five dimensions contains all degrees of freedom of the (2, 0) theory [2, 3, 4] . The (2, 0) theory lives on the boundary of AdS 7 , which in the Lorentzian case can be chosen to be S 5 ×R. The Euclidean version can have the time direction R compactified to a circle S 1 which reduces the dual (2, 0) theory to five-dimensional supersymmetric Yang-Mills theory. In [2, 3, 4] it is argued that the Kaluza-Klein states from dimensional reduction over S 1 are mapped to instantons of the five-dimensional gauge theory.
A well-known difficulty of the six-dimensional (2, 0) superconformal theories is the lack of a Lagrangian description, and hence one has to use the AdS/CFT correspondence where the (2, 0) theories are conjectured to be dual to M-theory on an AdS 7 × S 4 background. This supergravity dual is known to yield an N 3 growth in degrees of freedom for the free energy of the (2, 0) theories [5, 6] . This dependence survives in the supergravity dual after compactification suggesting that the N 3 behaviour should also appear in some way in the five-dimensional gauge theory.
In [7] the N 3 behaviour is found by localization, which reduces the partition function to one that is very close to the partition function of Chern-Simons theory on S 3 . In [8] the calculation of the N = 1 supersymmetric Yang-Mills partition function on S 5 is examined and, for the field theory with one adjoint hypermultiplet which in the large radius limit has an enhanced N = 2 supersymmetry, it is shown that the free energy scales as N 3 confirming the expectation from supergravity. The strong coupling limit is studied in [8] through the corresponding limit in the matrix model description, which was found by localization in [9] (based on [10] ).
The partition function for the N = 1 supersymmetric gauge theory on S 5 with gauge group U (N ) and a massless hypermultiplet in the adjoint representation has the matrix model representation where r is the radius of the five-sphere S 5 , φ ij = φ i −φ j with φ i dimensionless matrix eigenvalues, and S 3 (x) is the triple sine function which solves the equation [11] (1.2) d log S 3 (x) dx = π x 2 cot(π x) .
The matrix model represents the contribution to the localization formula for the path integral around the trivial connection and hence gives the full perturbative partition function, whereas the instanton sector contributes with overall factors of order O exp(−16π 3 r/g 2 YM ) . In this paper we shall relate the strong coupling limit of (1.1) to the strong coupling expansion of the matrix model for U (N ) Chern-Simons gauge theory on S 3 , whose partition function is given by [12] (1.3)
where g s is the string coupling constant which is related to the level k ∈ Z of the Chern-Simons gauge theory by g s = 2π i /(k + N ); in the following we work in the analytical continuation of Chern-Simons theory with g s real, as is done in topological string theory [13] , which is the q-deformation of Yang-Mills theory on S 2 [14] . This matrix model also represents the contribution of the trivial flat connection, which for Chern-Simons gauge theory on S 3 constitutes the complete contribution to the path integral. Through this relation, we shall show how to extract the N 3 dependence of the free energy directly from the Chern-Simons matrix model using somewhat elementary techniques. This relationship has the virtue of natually explaining certain aspects of the exact localization of the five-dimensional supersymmetric gauge theory; for example, we show that the contributions from adjoint hypermultiplets to the localization formula in five dimensions can be interpreted geometrically as a framing contribution of the three-manifold in the Chern-Simons partition function. A key interpretation that we advocate from this relationship between the two apparently distinct gauge theories is through their natural appearences in the theory of one-dimensional exactly solvable models. The partition function (1.3) of Chern-Simons theory can be interpreted as the L 2 -norm of the ground state wavefunction of a fermionic model on a cylinder of radius R c = 1 with Hamiltonian [15] 
The strong coupling limit that identifies the two gauge theories is then a thin cylinder limit R c → 0, wherein coth
→ sgn(x i − x j ), which as we shall see also identifies the fivedimensional supersymmetric gauge theory with a one-dimensional nonrelativistic charged Bose gas. With the aid of some known Coulomb gas techniques, we are able to provide yet another derivation of the N 3 behaviour of the free energy through relatively straightforward methods. Our considerations of five-dimensional supersymmetric Yang-Mills theory are contained in §2.
The wavefunction of the fermionic model that appears in Chern-Simons theory is the dimensional reduction of the Laughlin wavefunction on the cylinder, which in the quantum Hall effect is the ground state of an electron gas in two dimensions; in particular, the fermionic model lives on a longitudinal line on the surface of the cylinder. Via this observation we use Coulomb gas techniques to evaluate the one-loop thermal free energy of N = 4 supersymmetric Yang-Mills theory on S 3 × S 1 , and reproduce the large N results of [16] which interprets the gauge theory effective action as a two-dimensional Coulomb gas in an external potential; via holographic duality this finite-temperature gauge theory can be used to relate weakly-coupled plasmas to black holes and to map out stringy effects on the nature of black hole physics. A thin cylinder limit brings the two-dimensional and one-dimensional models together, and it has been argued that the two systems are adiabatically connected. Alternatively, by constraining electrons in a strong magnetic field to the lowest Landau level, the dimensional reduction can be achieved by taking a transversal section of the cylinder as the space variable; via Fourier transformation, the dual reduction is along a longitudinal line leading to the wavefunction of the fermionic model. Hence the Chern-Simons matrix model also gives a one-dimensional description of the quantum Hall effect on a cylinder. Our considerations of four-dimensional supersymmetric Yang-Mills theory are the topic of §3.
2. N = 1 supersymmetric Yang-Mills theory on S 5 2.1. Strong coupling regime. In this section we shall focus on the strong coupling limit λ → ∞ of supersymmetric Yang-Mills theory on S 5 , where λ := g 2 YM N/r is the 't Hooft coupling constant. In this regime the partition function (1.1) takes the form [8]
The partition function (2.1) is studied in [8] using the saddle-point method, exhibiting the N 3 behaviour of the free energy at large N . On the other hand, by rescaling the variables u i → √ 2g s u i the matrix integral (1.3) in the strong coupling limit g s → ∞ becomeŝ
Hence the strong coupling limit of the U (N ) Chern-Simons matrix model on S 3 also reduces to (2.1). Since the original matrix model (1.1) can be regarded as the Chern-Simons matrix model with additional terms in the integrand and both matrix models have the same strong coupling limit, the additional terms do not contribute in the strong coupling regime. Thus the N 3 behaviour of the free energy should manifest itself in the exact solution of the Chern-Simons matrix model. The N 3 dependence can indeed be seen already in the solution of the ChernSimons matrix model with the technique of orthogonal polynomials [17] ; we shall show below that the exact solution of the matrix model given in [17] contains the exact evaluation of the matrix integral (2.1).
The computation of (2.1) is also intimately related to an old statistical mechanics problem studied in detail by Baxter in 1963 [18] . While the matrix model of U (N ) Chern-Simons gauge theory on S 3 has an interpretation as a one-component Coulomb plasma living on the surface of a cylinder in Dyson's Coulomb gas picture of random matrix ensembles [15] , the expression (2.1) is the partition function of a one-dimensional Coulomb gas known as a one-dimensional jellium model [18] : The two-body interaction |x i − x j | is a Coulomb potential in one dimension, while log sinh(|x i − x j |/2R c ) is the Coulomb potential on a cylinder of radius R c . The strong coupling limit that maps (1.3) to (2.1) is then a thin cylinder limit R c → 0 in the Coulomb plasma representation.
We can then compute (2.1) in two different ways. First, we apply the methods of Baxter in [18] where the one-dimensional Coulomb system with a uniform background charge distribution was studied. The second method uses the exact solution of Chern-Simons gauge theory by examining its strong coupling limit; in the process we will specify the framing contribution contained in the matrix integral (1.3) which, in the strong coupling limit, is the leading contribution.
2.2.
One-dimensional Coulomb gas. The partition function (2.1) is essentially a jellium model in one dimension, studied in [18] . This is a system of N particles at temperature T each carrying a charge −σ on a line of length 2L with particle density ρ = (N − 1)/2L and a uniform positive charge distribution ρ σ along the line. The partition function of this system is given by [18] 
where the first and second terms in the exponential of the integrand correspond to the chargecarrier-background interaction and charge carrier self-interactions, respectively, while the proportionality term independent of x i is the background-background interaction (i.e. the ground state energy).
Notice that (2.3) is directly related to (2.1) under the identifications L = 9λ/64π 2 and
Therefore one can compute (2.1) following the analysis of (2.3) in [18] . We start by replacing the integral (2.1) with the integral over the chamber of eigenvalue space with
By completing the square in the potential term and setting
The multiple integral (2.6) can be computed by first using the approximation v i + 1 ≃ v i for any i at large N , and employing the formula (2.7)
0 dy e −y 2 is the error function and c = 9π/4ρ is a constant. The final integration over v 1 yields (2.8)
and whence the partition function (2.6) takes the form (2.9)
for c = 9π/4ρ. The free energy of the strong coupling regime of the supersymmetric gauge theory on S 5 at large N is therefore given by
in agreement with the result of [8] . CS .
The matrix model (1.3) was solved in [17] via the Stieltjes-Wigert orthogonal polynomials, and its exact solution takes the form (2.13)
where q = e −gs . Applying the identification (2.11) we now write (2.12) as (2.14)Ẑ
The limit q → 0 in (2.14), called the crystal limit in quantum group theory [19] , can be easily computed following [20] . For this, we takeλ = g s N constant and consider
This expression is a Riemann sum over
N , in the large N limit we can write it as the integral
and an additional change of variables x =λ y in the limitλ → ∞ gives finally
It follows that
and the free energy at leading order in N is given by
which coincides with (2.10).
2.4.
Framing. The non-trivial part of the supersymmetric gauge theory partition function on S 5 , given by the product term in the Chern-Simons partition function (2.13), is subleading in N and does not appear in the final result of (2.19) . This naturally leads us into a discussion of the framing contribution in Chern-Simons theory and how it is represented by the matrix models. Chern-Simons gauge theory is a theory of framed knots and links [21] . For gauge group G = U (N ), the contribution of a framing Π s on the three-sphere S 3 is parametrised by an integer s ∈ Z and takes the form [22] where c = k dim(G)/(k + N ) is the central charge of the WZW conformal field theory based on the affine extension of G. The central charge can be expressed in terms of the Weyl vector ρ of the gauge group and one has [22] (2.21)
where we used the identification g s = 2π i /(k + N ) and
The inclusion of framing modifies the Chern-Simons partition function by rescaling it with the phase (2.20), and one can therefore consider a family of partition functions Z s CS parametrized by s ∈ Z with
where the partition function of Chern-Simons theory in the canonical framing s = 0 on S 3 is given by
Thus the partition function (1.3) carries a non-trivial framing dependence, as is evident by comparing (2.24) with (2.13); precisely, the Hermitian matrix model formulation of ChernSimons gauge theory on S 3 carries a framing contribution (2.20) with s = −4 such that (2.25)
Let us consider now the strong coupling limit g s → ∞. In this regime the five-dimensional supersymmetric gauge theory on the boundary is related to the q → 0 limit of the analytically continued Chern-Simons theory with some framing contribution, through the respective matrix integral formulations. Notice that in this strong coupling limit, the framing dependence in Chern-Simons theory alters the prefactor of the leading term in N , which is dominant in the limit. Therefore the N 3 behaviour of the q → 0 limit of Chern-Simons theory comes from the framing term, as the non-trivial product factor is subleading.
In fact, we can show that there exists an appropriate framing which explains the discrepancy between the gauge theory and gravity results. The Yang-Mills free energy from the matrix model computation is given by (2.19) , while the classical supergravity action in the AdS 7 background receives contributions from the bulk, the boundary, and regularisation counterterms, and is given by [8] (2.26)
where R 6 is the radius of the compactification circle S 1 on the boundary. The Kaluza-Klein modes from compactification on S 1 are mapped to instantons of the five-dimensional gauge theory, which suggests the identification [2, 3, 4] (2.27)
The mismatch in the numerical prefactors is restored by multiplying the partition function (2.18) of the boundary supersymmetric gauge theory with an extra factor to give the partition function of a boundary theory (that we denote byẐ B ) which has the form
and the required framing parameter is s = −640/81 ≃ −8. Alternatively, since the leading term in the q → 0 limit comes from the second exponential of the framing in (2.
Massive hypermultiplet.
It was shown in [8] that the N 3 behaviour in the gauge theory on S 5 originates from the presence of a single massless adjoint hypermultiplet, where the field theory has only N = 1 supersymmetry. In the case of a massive adjoint hypermulitplet, it was argued in [7] that the global symmetry is enhanced at a point where the mass is M = 1 2r . Then the massless case can be thought of as a deformation of the flat space theory by the radius parameter r, which in the large radius limit has an enhanced N = 2 supersymmetry. The massive case is considered in [23] , where it was shown that the mass parameter enters into the numerical prefactor of the free energy (2.19). In particular, the strong coupling limit of the partition function becomes
where m = − i M r is the mass rotated to the imaginary axis, a step required for the localization of the path integral. Hence the free energy (2.19) is modified to
The are now two key observations [23] . First, the matching of the supersymmetric Wilson loop that wraps the five-sphere S 5 at strong coupling with the regularised circular Wilson loop in supergravity suggests the new identification (2.34)
in contrast to (2.27) which led to (2.28). Second, one has to rotate back to real values of the mass parameter, so that m = 1 2 at the enhancement point. This results in agreement between the free energy of five-dimensional supersymmetric Yang-Mills theory and of its supergravity dual.
By suitably modifying the identifications of parameters in (2.4) and (2.11), one can easily obtain (2.33) via both the one-dimensional Coulomb gas picture of §2.2 and the strong coupling regime of Chern-Simons theory from §2.3. In the Chern-Simons description the N 3 behaviour originates from the framing contribution whose choice controls the prefactor containing the N 3 dependence, while from the point of view of the supersymmetric gauge theory the N 3 dependence comes from the presence of a single hypermultiplet whose mass parameter controls the prefactor of the free energy. Applying the arguments of §2.4 we should now equate
where the string coupling identification (2.11) must be modified to g s = 25λ
64π N in order to accommodate the dependence on the mass parameter m = 1 2 . This yields the framing parameter s = −8. This is now an exact integer result, and it demonstrates the agreement of the strong coupling regime of Chern-Simons theory with framing contribution s = −8 and the large N supergravity dual under the identification (2.34) . This consistency between Chern-Simons gauge theory on S 3 and supersymmetric Yang-Mills theory on S 5 raises the intriguing possibility that there might be a deeper geometric connection between the adjoint hypermultiplet of the fivedimensional gauge theory and the framing contribution in Chern-Simons theory.
2.6. Lens space matrix models. For completeness, let us now generalise our computations to the strong coupling regime g s → ∞ of Chern-Simons theory on lens spaces L(P, Q), studied in [12, 24] . The contribution of the trivial flat connection to the path integral of this gauge theory is described by the matrix model
where P and Q are coprime integers. For P = Q = 1 this matrix integral is related to the partition function (1.3) of U (N ) Chern-Simons theory on S 3 as (2.37)
The matrix integral (2.36) is computed exactly in [24] via bi-orthogonal Stieltjes-Wigert polynomials with the result
whereq = e −gs/P 2 . We have already seen that in the case of the three-sphere P = Q = 1 the product contributes subleading terms of order N to the free energy in the limit g s → ∞. The situation is the same for generic finite integers P, Q, and therefore the leading N 3 behaviour comes from the exponential in the expression (2.38). The corresponding free energyF
CS at large N is given bŷ
Following the analogous manipulations for the S 3 matrix model, the strong coupling limit of (2.36) takes the form
It is tempting to compare this partition function with that of supersymmetric Yang-Mills theory on the squashed toric Sasaki-Einstein five-manifolds Y P,Q [25] which was studied in [26] . In the limit of strong 't Hooft coupling λ = g 2 YM N/r, the equivariant perturbative partition function for gauge group U (N ) and a massless matter hypermultiplet in the adjoint representation simplifies to the matrix model
where ̺ is the ratio of the equivariant volume of Y P,Q to the volume of S 5 and ω 1 , ω 2 , ω 3 , ω 4 are equivariant parameters for the isometric action of U (1) 4 on C 4 . Then (2.41) is proportional to (2.40) under the identification of the parameters
Using the identification (2.42) we can then write the strong coupling free energy as
where (2.44)
For P = Q = 1 we get f (1, 1) = 1/1536, which agrees with the result of [26] ; this corroborates the surprising universality of the N 3 behaviour of the perturbative free energy on all five-manifolds Y P,Q that was observed in [26] . The more general L(P, Q) matrix models may be related to a localization calculation of five-dimensional supersymmetric Yang-Mills theory on the SasakiEinstein spaces L a,b,c which generalize Y P,Q , but such a calculation is currently lacking in the literature and is hence left for future work.
2.7.
One-dimensional wavefunctions. The partition functions of some gauge theories on S 3 can be written as the norm or the overlap of some one-dimensional quantum mechanical wavefunctions. This is true of the N = 4 theories on S 3 that arise as the low-energy limit of N = 4 supersymmetric Yang-Mills theory in four dimensions [27] , which is also connected to the six-dimensional (2, 0) superconformal theories via certain dimensional reductions. It is also the case of Chern-Simons gauge theory [15] . For the one-dimensional wavefunction
the same direct approach in [15] can be used to find the general Hamiltonian of a bosonic model for which (2.45) is a ground state. It can also be found as a limit of the Hamiltonian for the Chern-Simons fermionic model (1.4) which in its most general version is characterized by a ground state wavefunction [15] (2.46) Ψ
where m is a positive parameter. The corresponding Hamiltonian is
For m = 1 we obtain the Hamiltonian H = H 1 in (1.4) . The bosonic and fermionic models are related through the limit R c → 0, which as discussed earlier is a thin cylinder limit. First, let us see what happens to the two-body term of the wavefunction in the limit ( 
2.48) lim
Rc→0
If m is even the sign term does not appear. Having m odd and keeping the term sgn(x i − x j ) can be interpreted as a fermionization of the resulting boson wavefunction, in the sense of [28] .
We can now identify c = m Rc with the usual parameter of the Lieb-Liniger model [29] . To obtain generic values of c in the thin cylinder limit, we need to take m → 0, in which case the sign terms above disappear. Thus in the limit R c → 0 the wavefunction of the fermionic model (2.46) reduces to (2.45) (up to normalization) with ω = 
The Hamiltonian (2.49) can be regarded as a generalization of the Lieb-Liniger model [29] , although the special case that appears in Chern-Simons theory is (2.46) with m = 1. Therefore, in the limit considered above, it leads to the charged Bose gas without delta-function interactions. For this model the Coulomb gas interpretation holds for both the Hamiltonian and the Dyson Coulomb gas picture of the wavefunction, since both cases involve the one-dimensional Coulomb potential |x i − x j |.
3. N = 4 supersymmetric Yang-Mills theory on S 3 × S 1 3.1. Weak coupling regime. We shall focus now on N = 4 supersymmetric Yang-Mills theory on S 3 ×S 1 and its representation as a Coulomb gas on R×S 1 at weak (but finite) 't Hooft coupling λ = g 2 YM N ; the radius of S 3 is denoted R and the inverse radius of S 1 is the temperature T . Based on the one-loop determinants computed in [30] , the effective action in the low temperature limit R T ≪ 1 is shown by [16] to become
are complex scalar fields with φ i and θ i the eigenvalues of the adjoint scalar fields and of the temporal component of the gauge field, respectively. The action (3.1) describes a Coulomb gas on a cylinder of radius R c = 1 2 . The Coulomb gas on the cylinder is intimately related to the Coulomb gas in one dimension, as has been studied in detail in [31, 32, 33, 34, 35, 36] , often in the context of the corresponding quantum Hall effect on the cylinder. In particular, it is found that for certain Hamiltonians a quantum Hall ground state does not undergo a phase transition when the two-dimensional surface of the system is deformed in a quasi-one-dimensional (thin cylinder) limit [32, 33, 34, 35] . Hence the two-dimensional and one-dimensional systems are argued to be adiabatically connected. Recall that the U (N ) Chern-Simons matrix model on S 3 admits an interpretation as a Coulomb system of restricted dimension, i.e. its interaction is the Coulomb interaction on the cylinder but the particles live in one dimension (a longitudinal line on the surface of the cylinder) [15] . In fact, the charge-density wave behaviour of the Laughlin wavefunction on the cylinder [31] is also manifest in the oscillatory behaviour of the density of states of the Chern-Simons matrix model [37] . The same property is analyzed more rigorously in [36] as an example of translational symmetry breaking. Either by dimensional reduction (which is achieved as usual by projecting to the lowest Landau level with a limit of large magnetic field B → ∞) or by a thin cylinder limit, the two Coulomb gas descriptions are directly related. This suggests a relationship between the respective gauge theories, even though the nature of their Coulomb gas description is rather different. In the case of Chern-Simons gauge theory the matrix model arises exactly due to a localization of the path integral on flat connections [38] , whereas in the case of N = 4 supersymmetric Yang-Mills theory it follows from an effective field theory approach together with a number of simplifications such as the description of the condensate of the scalar fields in a single coordinate [16] .
3.2. Two-dimensional Coulomb gas. The corresponding partition function takes the form
where z i = x i + i y i are coordinates on the cylinder and we set τ := 4π 2 N R/β λ for brevity. The product in the integrand can be written as
We now complete the square in the exponential in x i and shift variables x i → x i − (N − 1)/τ , which implies z i → z i − (N − 1)/τ , and then rescale z i → z i / √ τ so that the partition function finally takes the form
It is possible to analyze the partition function in the same spirit as §2.7 by using known properties of the Laughlin wavefunction on the cylinder. The Laughlin wavefunction is the ground state wavefunction of a two-dimensional electron gas in a uniform neutralising background with a uniform magnetic field; it was introduced to describe the fractional quantum Hall effect [39] . The Laughlin wavefunction for the cylinder was first considered in [40] but did not become an object of further study until later on, beginning with [31] ; mathematical aspects, such as its translational symmetry breaking, were studied in [36] . It takes the form
where z i = x i + i y i represents the coordinates of the fermions on the cylinder, p is the filling fraction of the quantum Hall system and γ B is a dimensionful parameter defined as the ratio of the magnetic length ℓ B = ( /e B) 1/2 (here set equal to 1) to the radius of the cylinder (here
We now notice that the gauge theory partition function (3.4) can be expressed in terms of the normalisation constant C N (γ B , p) for γ B = 2 √ τ and p = 1 aŝ
For p = 1 the L 2 -norm is given by [36] 2 (3.8) C N (γ B , p = 1) = 1 .
By substituting back τ = 4π 2 N R/β λ the free energy at large N is thus given by
in agreement with the calculation of the free energy given in [16] in the Coulomb gas description.
3.4. Jellium on the cylinder. The partition function (3.4) can also be computed exactly by mapping the problem to a one-component plasma on the cylinder, known as the two-dimensional jellium model, at the fermion coupling Γ = 2γ which was studied in [41] for γ = 1 and in [42] for arbitrary integer values of γ. The two-dimensional jellium model is defined as follows. Consider N particles of charge q on a cylinder of radius R c and finite length L embedded in a homogeneous background of charge density ρ b = −q n, where n = N/(2π L R c ) so that the system remains neutral. The partition function takes the form [42] (3.10) Z
is the cylinder and the total energy of the system is given by
The first and second sums correspond to the charge-carrier-background and charge-carriercharge-carrier interactions, respectively, while the third term B N which is independent of z i corresponds to the background-background interaction. The fermion coupling is defined as the dimensionless combination Γ = β q 2 , and after some simple algebra analogous to that of §3.2 the partition function is written as
where w(z,z) is the one-particle Boltzmann factor given by
Completing the square in the Boltzmann factor of (3.12), shifting the variables x i → x i − N −1 4π n Rc , and then rescaling variables z i → z i / √ π n Γ we finally get
, (3.14)
2 For p = 1 the Laughlin wavefunction becomes a Slater determinant, which is the wavefunction of N fermions.
Then CN = ΨN where we replaced Γ = 2γ for the general case following [42] .
The gauge theory partition function (3.4) is proportional to the partition function of the twodimensional jellium model (3.14) in the thermodynamic limit N, L → ∞ with n constant, 3 for γ = 1 with the identification (3.15) τ = 8π n R 2 c , as
J (γ = 1) . The partition function (3.14) is computed for various values of γ in [42] , and in particular for γ = 1 it takes the form (3.17) Z
In the thermodynamic limit the integral is Gaussian and we find
Via (3.18) we can now compute the large N limit of the partition function (3.4) for the low temperature limit of N = 4 supersymmetric Yang-Mills theory at finite weak coupling, and we find
The partition function (3.19) is identical, up to a proportionality factor 2 N , to the partition function (3.7), and therefore the free energy in the large N limit reads
which coincides with (3.9). In the Coulomb gas description of [16] , the low temperature distribution of the eigenvalues lies uniformly in a band of width 2A and circumference π. This is consistent with the twodimensional jellium picture on a cylinder of length L and circumference 2π R c : The identification (3.15) can be written as
in agreement with the result of [16] . This coincidence can be substantiated by noticing that the interpretation of the gauge theory effective action (3.1) as a Coulomb gas in an external potential considered in [16] is in fact the two-dimensional jellium model. This is already apparent in (3.1), where the term log sinh |z i − z j | corresponds to the interaction potential between the charge-carriers, the term x 2 i is related to the charged particle-background interaction, and the z i -independent term of order N 2 is proportional to the background-background interaction constant B N [42] . Whence the external potential in the Coulomb gas picture is the backgroundbackground interaction in the two-dimensional jellium description. 3 In this limit, the integration volume becomes
where we used the fact that the integrand in Im(zi) = yi is an even function.
3.5. Dimensional reduction. We shall now study the dimensional reduction of the Laughlin wavefunction on the cylinder and the thin cylinder limit of the two-dimensional jellium system. In both cases we end up with the Coulomb gas description of the Chern-Simons matrix model. In [43] one can find an explicit relationship between the Laughlin state of the quantum Hall effect and certain one-dimensional exactly solvable models with long-range interactions such as the Calogero model and the Sutherland model. In the limit of a strong magnetic field B → ∞, the charge-carriers in two dimensions are constrained to the lowest Landau level and two of the four phase space degrees of freedom freeze, reducing the number of effective degrees of freedom to two, one in space representation and one in momentum representation. Depending on the two-dimensional geometry of the Hall system, the one-dimensional representation of the Laughlin ground state corresponds to the ground state of either the Calogero model (for the disc) or the Sutherland model (for the cylinder); in the latter case the axial degrees of freedom freeze (in space representation) [43] . However, instead of the axial degrees of freedom one can also dually reduce the periodic degrees of freedom by working in momentum representation. The Laughlin ground state with filling factor p on the cylinder is of the form (3.5) with the change of coordinates z j → z j / √ B and restoring the B-dependence on γ B = ℓ B Rc = 1/ √ B R c in units where = e = 1. Then the one-dimensional reduction in momentum representation of the Laughlin state on a cylinder is given by [43] where t i is the eigenvalue of the eigenstate |t i of the operator X i = x i + Π y i /B for the guiding centre coordinate of the cyclotron motion. 4 In the limit of strong magnetic field B → ∞, this wavefunction reduces to where t 0 = p (N − 1)/2B R c . As in §2.7, this is the wavefunction of a one-dimensional model with interaction potential sinh −2 (x i − x j ). An intriguing consequence of the strong magnetic field limit is that the wavefunction of the one-component plasma in one dimension with this interaction potential for filling factor p = 1 is related to the Chern-Simons matrix model (1.3), as shown by [15] .
5
Using the Laughlin wavefunction interpretation of the low temperature limit of supersymmetric Yang-Mills theory in four dimensions, we can apply the strong magnetic field limit to the expression (3.7) . This suggests that we should identify the magnetic field B with the quantity τ so that (3.24) B = τ = 4π 2 N R T λ .
Therefore the strong magnetic field limit corresponds to τ ≫ 1. We should then take into account the domain of validity of the effective action (3.1) from [16] , which is determined at weak 't Hooft coupling λ via one-loop perturbation theory [30] . There it was argued that the perturbative calculation is valid for the range of temperatures with (3.25) 0 ≤ R T ≪ 1 λ 4 Our notation differs from that of [43] , where xi denote the periodic coordinates and yi the axial coordinates. 5 An alternative perspective on the relationship between Chern-Simons gauge theory on S 3 and the Sutherland model can be found in [44] .
at weak coupling λ. This range is satisfactory for high temperatures because the radius of the spatial sphere S 3 provides a natural infrared cutoff of order R ∼ 1/ √ λ T . However, there is no restriction on R T for low temperatures. From (3.24) it follows that the large τ limit is valid only for low temperatures of order of λ, i.e. R T λ at large N , and it might break down for low temperatures of order R T ≪ λ.
The geometrical meaning of the strong magnetic field limit can be deduced in momentum representation where the axial degrees of freedom on the cylinder are kept and the periodic ones are frozen [43] . In this description, the two boundaries of the cylindrical Laughlin droplet are placed at X 1 = 0 and X 2 = p (N − 1)/B R c . Taking B → ∞ requires sending R c → 0 so that X 2 is constant and the cylinder does not collapse to a circle. Thus the strong magnetic field limit freezes the radial degrees of freedom reducing the geometry of the cylinder effectively to one dimension.
